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Sum rules relating the masses of ground-state baryons and mesons are obtained in a constituent 
quark model. The interaction is assumed to be independent of quark spins except for a spin- 
dependent part that can be treated as a perturbation. Where data are available, the sum rules 
agree with experiment to better than 1%. 
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In this work we consider meson and baryon masses using a Hamiltonian formalism within 
the framework of the constituent quark model. We do not assume any particular functional form 
for the spin-independent part of the Hamiltonian. However, we treat the spin-dependent part as 
a perturbation, and we confine ourselves to ground-state hadrons, so that the spin dependence 
arises from the spin-spin or colormagnetic term. With these modest inputs plus an additional 
approximation (to be discussed later), we are able to obtain three sum rules relating the masses 
of certain baryons and mesons. Two of these sum rules agree with experiment to better than 1% 
and the third remains to be tested. 

In the constituent quark model, the mass of a hadron can be written as the sum of the masses 
of its constituent quarks plus an interaction energy. The mass Mjv/(*j) of a meson composed of a 
quark qi and an antiquark q~j with masses mi and mj respectively is given by 

M M (ij) =mi+ uij + E(ij), (1) 

where E(ij) is the interaction energy. Similarly, the mass Ms(ijk) of a baryon containing quarks 
with masses m^, nij, and uik is 

Ms(ijk) = rrii + rrij + + E(ijk), (2) 

where E{ijk) is the interaction energy. We assume that the interaction energies E(ij) and E(ijk), 
and consequently the masses MM(ij) and Msiijk) are calculable in principle from a Hamiltonian 
without spin-dependent forces. We also assume that the mass of a constituent quark can be 
assigned a unique value, independent of the hadron in which it is bound, but we do not have to 
specify the quark masses to obtain our results. 
It follows from Eqs. (1) and (2) that 

M s (123) - M s (453) - M M (12) + M M (45) = 5(12345), (3) 

where 5(12345) is defined by 

5(12345) = £(123) - £(453) - £(12) + £(45). (4) 



2 



We immediately see from Eq. (3) that if (5(12345) is zero, we have the sum rule 

M B (123) - M M (12) = M B (453) - M M (45). (5) 

We next come to the important question of the circumstances under which Eq. (5) is most likely 
to hold to a good approximation. It has been previously found [1,2] that the ground-state vector 
meson and spin 3/2 baryon interaction energies are smooth, monotonically decreasing functions of 
the generalized reduced mass /z(12...) of the system, where yu(12...) is defined by 

l/ M (12...) = ^l/m,. (6) 

i 

We have looked at the energies E(ij) and E{ijk) appropriately averaged over the spins of ground- 
state hadrons of different spins and the same quark content. We have verified numerically that, 
for reasonable values of the quark constituent masses, these energies are also smooth functions of 

We next observe that E(ij) and E(ijk), considered as functions of fi(ij) and fi(ijk) respec- 
tively, depend most sensitively on the mass of the lightest quark. We therefore tend to have a small 
change in fi(ij) and fJ-(ijk) if we confine ourselves to the case in which initially all the quarks in a 
hadron are u or d quarks (denoted by n), and only one of the quarks (say the j quark) is allowed 
to change from an n quark to a heavier s, c, or b quark (denoted by h). Because the E(ij) and 
E(ijk) are smooth functions of fJ,(ij) and fJ-(ijk) respectively, small changes in the reduced masses 
will lead to small changes in the interaction energies. Consequently, if ^(453) is close to /x(123) 
and if /x(45) is close to /u(12), the value of (5(12345), given in Eq. (4), will be small and we shall 
neglect it. We insure this to be the case by confining ourselves to hadrons containing at most one 
quark which is not a light n quark; specifically, we assume 

5(nnnnq) = 0, (7) 

where q is any quark. Then, from Eq. (5) we have the sum rule 

M B (nnn) - M M (nn) = M B (nhn) - M M (nh). (8) 

We now consider the effect of spin-dependent forces. We let the spin-dependent colormagnctic 
interaction be a perturbation of the form [1] 

V cm = - ^2 °i ■ ^j^i ■ ^jf( r ij)/( m i m j), ( 9 ) 
i<j 

where the <j{ arc Pauli spin matrices, the \ are Gell-Mann matrices, and f(jij) is a positive-definite 
operator which depends on the separation between quarks i and j. We do not need to specify 
the functional form of /(r,j). Then it is straightforward to take hadron spin averages [3]. We 
obtain three sum rules from Eq. (8): 

(N + A)/2 - (3p + tt)/4 = (2S* + S + A)/4 - (3K* + K)/A (10) 

if h = s, 

(N + A)/2 - (3p + tt)/4 = (2£ c * + S c + A c )/4 - (3D* + D)/A (11) 

if h = c, and 

(N + A)/2 - (3p + tt)/4 = (2S* + S b + A b )/4 - (3B* + B)/4 (12) 
if h = b, where the symbol for a hadron denotes its mass. 
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We can test the first of these sum rules with data from main tables of the Particle Data Group 
[4]. We obtain that the left hand side of Eq. (10) is 474 Mev, while the right hand side is 473 MeV, 
giving excellent agreement with experiment. Turning to Eq. (11), we find that all masses except 
that of the E* are well known, but the S* is given as a poorly established state of mass 2530 ± 10 
MeV. We therefore use Eq. (11) to predict the mass of the £*, obtaining 

E* = 2523 MeV. (13) 

The agreement between our prediction and the value given by the Particle Data Group is sufficiently 
close to lend theoretical support to the experimental evidence [5] that the X* baryon has indeed 
been found. At the present time, the sum rule given in Eq. (12) cannot be tested because the mass 
of the Aj, is known only with an error of 50 MeV and the and have not yet been observed. 
However, we hope that Eq. (12) can be tested in the not-too-distant future. 

In conclusion, we have obtained three sum rules relating meson and baryon masses. Two of 
these formulas agree with existing experimental data, and the third should be testable by future 
experiments. Although we have obtained our results within the framework of the constituent quark 
model and the Hamiltonian formalism, we have not had to give explicitly either the Hamiltonian 
or the quark masses. 
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